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The lifetime distribution functions of the spontaneous emission �SE� of the excited atoms embedded in
two-dimensional �2D� photonic crystals �PCs� with square lattice, consisting of square air rods in dielectric
medium with different filling factors, are calculated by using the plane wave expansion method. The numerical
results show that the SE in the 2D PCs cannot be prohibited completely but it can be inhibited intensively by
the pseudo-PBG of the PCs. In the pseudoband edges, the SE is accelerated obviously. The reduced average
lifetime of the excited atoms and the extension of the reduced lifetime distribution in the 2D PCs both are the
same as those in the 3D PCs in the order of magnitude. Our results provide an available way to control the
behavior of the SE by changing the structures of the 2D PCs.
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The spontaneous emission �SE� lifetime of an excited
atom located in structural material environment is quit dif-
ferent from that in free space because of different zero-point
fluctuations of the electromagnetic fileds at different posi-
tions of the atom �1�. The photonic crystals �PCs�, proposed
first by Yablonovitch �2� and John �3�, have offered a unique
way to investigate the SE in structural materials. One of most
important features of PCs is photonic band gap �PBG� struc-
ture. The SE in three-dimensional �3D� PCs can be sup-
pressed when atomic transition frequency just falls inside a
PBG. On the other hand, if the atomic transition frequency
takes an appropriate value, for instance, near the band edge
which corresponds to large local density of states �LDOS�,
thus the SE rate is significantly enhanced. It implies that the
SE rate can be modified by changing the PC structures.
Therefore, the investigations of the behavior of the SE in the
PCs become an interesting issue �4–18�. The experimental
studies on the SE in the 3D PCs have been achieved �4,5�. In
these experiments the wide lifetime distributions were ob-
served. There exhibits the coexistence of both the accelerated
and the inhibited decay processes in the PCs. As a result, the
conventional concept of a single-averaged lifetime of the SE
is invalid in the PCs �16�.

For describing the lifetime distribution of the SE caused
by the effect of PC and investigating the dynamic decay
processes of the SE, Wang et al. defined the lifetime distri-
bution function �LDF� theoretically �16�. The numerical re-
sult shows a spread of LDFs over a wide range, including
both the inhibited and the accelerated decay processes of
atoms in the 3D PC. After that, as an available concept, the
LDF has been used to study the SE behavior of atoms in the
dielectric sandwich structures successfully �19,20�

Two-dimensional �2D� PCs have also been received much
attention because of their easy fabrication and having the
light-guiding ability �21�. Recently, the properties of the SE

and lifetime distribution in the 2D PCs have been examined
by calculating the 2D LDOS in the PCs that possess absolute
PBG �22�. However, as 2D PCs have translation invariance
along the height direction of the scattering rods, thus, the SE
in the 2D PCs may not be forbidden completely because the
SE light may travel along the height direction of the rods and
escape out of the 2D plane. Therefore, the properties of SE in
the 2D PCs are governed by the actual 3D LDOS of the 2D
PCs, rather than the 2D LDOS. Only pseudo-PBGs exist in
the 2D PCs. It is worth pointing out that the absolute or
complete PBGs exist only when the propagation of light
waves is fully restricted to the periodical structural plane of
the 2D PCs. But this is impossible for the SE light in the 2D
PCs. Consequently, it is expected that the SE should be par-
tially suppressed or enhanced in this system. In the present
paper, we explore the SE properties of an assembly of atoms
embedded in the 2D PCs by calculating the actual 3D LDOS
and investigate the effects of the pseudo-PBGs in the 2D PCs
on the LDFs. Our attention focuses on two spacial frequen-
cies : one is inside the pseudo-PBG and the other is at the
pseudo-band edge.

The LDF is defined as �16,19�

���̃,�� = �
i

Wi
1

���
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− ��̃ − �̃�ri,���2

�2 , �1�

where �̃�ri ,��=��ri ,�� /� f���, ��ri ,�� and � f��� are the SE
lifetimes at a given position ri in the PC and in homogeneous
medium, respectively. Wi denotes the weight factor. In the
cases of homogeneous distribution of atoms in space and the
random orientation of the dipole moment Wi=1. The sum-
mation runs over all the considered excited atoms, where we
choose �=0.05 that is enough to guarantee the smoothness
of the LDF curves. ��ri ,�� is given by the following equa-
tion �23�:
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where �0 denotes the atomic transition frequency and ud is
the dipole moment of atom. The local density of photonice
states is defined as
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where �nk and Enk�r� are the eigenfrequency and eigenmode
of the electric fields in the PC, respectively. They are calcu-
lated by using the plane wave expansion method and auto-
matically satisfy the orthonormal conditions �see Appendix�

By inserting Eqs. �2� and �3� into Eq. �1�, the LDF can be
evaluated numerically. First, we consider a 2D square lattice
PC composed of square air rods in the dielectric medium of
the dielectric constant �=12.96. Each square rod is rotated an
angle of 
=30° around its symmetric axis in the height di-
rection. In the following calculations, all the above structural
parameters are fixed except for different filling factors of f
=0.4, 0.6, 0.68, and 0.75. It should be pointed out that in the
case of f =0.68, this PC belongs to an optimal structure be-
cause it possesses a largest pseudo-PBG of ��
=0.063�2�c /a� �here a denotes the lattice constant and c the
light speed in vacuum� with a midgap frequency of �g
=0.425�2�c /a� �24–26�. So, we pay attention to two spacial
frequencies: the midgap of �g=0.425�2�c /a� and the
pseudoband edge of �e=0.385�2�c /a�.

The LDFs of the excited atoms located in the background
medium are displayed in Fig. 1 when the atomic transition
frequency is �=�g=0.425�2�c /a� for f =0.4, 0.6, 0.68 and
0.75. In order to reveal the pure photonic crystal effect, the
reference lifetime � f chooses that when atoms are embedded
in homogeneous background medium of �=12.96, which is
shown by the vertical dashed-line located at �̃=1. The curve
of f =0.68 corresponds to the LDF of the optimal structural
sample. The largest filling factor f =0.75 in the structure just
corresponds to the overlap of the nearest air rods. Two no-
table results can be observed from Fig. 1: �i� the LDF in each
case has quite wide distribution. It implies that the SE be-
havior in the 2D PCs is no longer described by a single

lifetime, similar to the result in the 3D PCs, as reported in
Ref. �16�. �ii� Compared with the case of the atoms in the
homogeneous medium of �=12.96, all the SEs almost are
inhibited. The SE lifetimes gradually become long as f in-
creases from 0.4 to 0.68. But when f =0.75, the inhibition
effect of the SE in the PC is weakened. These results can be
well understood when we note that the structure of f =0.68
possesses the largest pseudo-PBG and the atomic transition
frequency is just located at the center of the largest pseudo-
PBG. When the filling factor goes away from f =0.68, the
width of the pseudo-PBG of the corresponding PC is nar-
rowed down and the atomic transition frequency deviates
from the center of the pseudo-PBG. Therefore, the inhibition
effect of the SE in the non-optimal structures is significantly
weakened.

We also calculate the LDFs of the atoms which are placed
within the air rods for different filling factors as shown in
Fig. 2. The parameters remain unchanged. The reference life-
time chooses that of atoms in vacuum in order to reveal the
PC effect. All the curves show quite wide lifetime distribu-
tion, as illustrated in Fig. 1. Two differences from Fig. 1
should be addressed: One is that for the structure of f =0.4,
the reduced lifetimes almost distribute in the range of �̃�1,
which manifests that the most SEs now are accelerated. The
other is that for the structures of f =0.6, 0.68 and 0.75, the
lifetimes of some atoms are decreased and the others are
increased, which reveals that both the acceleration and the
inhibition processes coexist in these PC samples. It is no
surprising that the considerable difference occurs in Figs. 1
and 2. The electric fields of the eigen modes are discontinu-
ous at interfaces, for instance, the electric fields in the air
rods are larger than that in the dielectric medium. This leads
to sudden enhancement of the LDOS near interfaces in the
air rods, which gives rise to the inhibition or acceleration
process of the SE in the high or low refractive index me-
dium. Combining with the position-dependent fluctuations of
the LDOS, these results in Fig. 2 can be well understood.

We now turn to examine the case of �=�e
=0.385�2�c /a�, i.e. the atomic transition frequency is lo-
cated at the pseudoband edge of the optimal structural
sample of f =0.68. The numerical results of the LDFs are
displaced in Fig. 3 when the atoms are randomly spread in
the dielectric background medium, where the reference life-
time is the same as that in Fig. 1. The curve of f =0.68 shows

FIG. 1. LDFs in dielectric background medium of the PCs in 2D
square lattice, consisting of air square rods in the background me-
dium of �=12.96 with different filling factors f =0.4, 0.6, 0.68, and
0.75. The transition frequency of atoms sets as �g=0.425�2�c /a�.

FIG. 2. LDFs in the air square rods for the atomic transition
frequency of �g=0.425�2�c /a�. All other parameters are chosen
the same as those in Fig. 1.
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that the lifetime distribution becomes narrow and the SEs
almost are accelerated. As it is well-known that in the 3D
PCs the band edges enhance the SE because the LDOS reach
its maximum near the band edges. It is reasonable to expect
that the pseudoband edges of 2D PCs have similar effect. On
the other hand, for other three structures, the atomic transi-
tion frequency goes away from the pseudoband edges of
these structures, thus, the LDOS is reduced and the
pseudoband edge effect is substantially weakened. In addi-
tion, high refractive index of the dielectric medium also
leads to the reduction of the LDOS, which results in the
suppression of the SE process. Consequently, for the other
three structures, the SE enhanced effect should be gradually
weakened, i.e., the SE suppression effect becomes dominant.
These arguments are just confirmed by the results displayed
in Fig. 3. The LDFs of the atoms embedded in air rods for
atomic transition frequency of �=0.385�2�c /a� are shown
in Fig. 4. The reference lifetime is the same as that in Fig. 2.
Except for the sample of f =0.6, the SEs of atoms in the other
samples are accelerated. Among them, the SE enhanced ef-
fect in the optimal structure of f =0.68 is most remarkable
due to the presence of a large LDOS in the air rods caused by
the pseudoband edge and the dielectric discontinuity. The
curve of 0.75 in Fig. 4 is different from the corresponding
curves in Fig. 2. It does not contain any inhibition compo-
nent of the SE because the transition frequency of �
=0.385�2�c /a� is located outside pseudo-PBGs, thus, the
inhibition process can not occur. Why does the curve of f
=0.6 lie across the dashed line with a wide profile? We cal-

culate the pseudo-PBG for this PC sample and find that its
pseudo-PBG spreads over the frequency range of
�0.375,0.395��2�c /a�. The atomic transition frequency �
=0.385�2�c /a� falls within the pseudo-PBG. So both the
enhanced effect caused by the dielectric discontinuity and the
inhibition effect generated from the pseudo-PBG coexist,
similar to the case appearing in Fig. 2.

Here we prefer to compare our results with that of 3D
PCs, as reported in Ref. �16�, we find the lifetime distribution
widths in the 2D PCs have the same order of magnitude as
that in the 3D PCs. As the fabrication of the 2D PCs with
high index contrast is easier than that of the 3D PCs, our
results may provide a useful way to observe the SE inhibi-
tion and enhancement effects in the PCs, experimentally.

In summary, we have calculated the LDFs in the 2D PCs
by considering the actual 3D LDOS. The numerical results
show that the SE cannot be prohibited completely but it can
be inhibited intensively by pseudo-PBGs in the 2D PCs. In
the pseudoband edges, the SE can be accelerated apparently.
Our results may offer an available way to control the behav-
ior of the SE by modifying the structures of the 2D PCs.

This work was supported by Chinese National Key Basic
Research Special Fund and by Natural Science Foundation
of Beijing, China.

APPENDIX

For 2D PC, the following othonormal conditions are ap-
plied:

1

�2��3	
−





dz	
R2

drxyHnk�r� · Hn�k�
* �r�

= 	�kz − k�z�	�kxy − k�xy�	nn�, �A1�

1

�2��3	
−





dz	
R2

drxy��r�Enk�r� · En�k�
* �r�

= 	�kz − k�z�	�kxy − k�xy�	nn�, �A2�

where Su is the area of a 2D primitive cell. In our calcula-
tions, Eqs. �A1� and �A2� are automatically satisfied. Here,
we give a derivation for them. First, we numerically solve
the Hermite eigen equation of magnetic field Hnk�r�

� � ��−1�r� � � Hnk�r�� = ��nk

c
�2

Hnk�r� �A3�

and then the electric filed modes are obtained by

Enk�r� =
ic

�nk��r�
� � Hnk�r� . �A4�

We expand the magnetic field and the dielectric constant by
the plane waves

Hnk�r� = �
G

Hnk�G�ei�G+kxy�·rxyeikzz, �A5�

FIG. 3. �Color online� Same as Fig. 1 except for the atomic
transition frequency of �e=0.385�2�c /a�.

FIG. 4. Same as Fig. 2 except for the atomic transition fre-
quency of �e=0.385�2�c /a�.
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�−1�rxy� = �
G

�−1�G�e�G�·rxy , �A6�

where G is a 2D reciprocal lattice vector, k=kxy +kzẑ and kxy
is a wave vector in 2D Brillouin zone. Inserting Eqs. �A5�
and �A6� into Eq. �A3�:

�
G�

�−1�G − G���k + G� � �Hnk�G�� � �k + G���

= ��nk

c
�2

Hnk�G� . �A7�

This is a typical eigenvalue problem of a Hermite matrix.
The standard codes automatically give orthonormal eigen
vectors, i.e.,

�
G

Hnk�G� · Hn�k
* �G� = 	nn�. �A8�

Let the PC be periodic with respect to x and y with periods
px and py �pxpy =Su�, respectively. According to the Bloch
theorem, when r=rxy, the Hnk�rxy� in Eq. �A3� is of the
property

Hnk�rxy + mxpx + mypy� = ei�kxmxpx+kymypy�Hnk�rxy� ,

�A9�

where mx and my are integers. Then

	
−





dz	
R2

drxyHnk�r� · Hn�k�
* �r�

= 	
−





ei�kz−k�z�zdz �
mx,my

ei��kx−k�x�mxpx+�ky−k�y�mypy�

�	
Su

drxyHnk�rxy� · Hn�k�
* �rxy�

=
�2��3

Su
	�k − k��	

Su

drxyHnk�rxy� · Hn�k
* �rxy� .

�A10�

Inserting Eq. �A5� into Eq. �A10� and using Eq. �A8�

1

�2��3	
−





dz	
R2

drxyHnk�r� · Hn�k�
* �r� = 	�k − k�	nn�.

�A11�

Equation �A11� is Eq. �A1�.
Using Eq. �A4� and noting that

�Hnk�G�� � �k + G� · �Hn�k�G�� � �k + G���

= Hnk�G� · 
�k + G� � �Hn�k�G�� � �k + G���� ,

�A12�

Eq. �A2� may also be proved in a similar way.
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